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Abstract
We determine the gluino condensate
〈
Trλ2
〉
in the pure N = 1 super Yang-
Mills theory (SYM) for the classical gauge groups SU(r+1), SO(2r+1), USp(2r)
and SO(2r), by deforming the pure N = 2 SYM theory with the adjoint scalar
multiplet mass, following the work by Finnell and Pouliot, and Ritz and Vain-
shtein. The value of the gluino condensate agrees in all cases with what was
found in the weak coupling istanton calculation.
The value of the gluino condensate in the pure N = 1 super Yang-Mills theory with
gauge group SU(r + 1) has been calculated in the eighties by using two different methods.
In the first one [1], called the strong coupling instanton calculation, one evaluates the (r+1)
point function
〈
Trλ2(x1) . . .Trλ
2(xr+1)
〉
which is saturated by one instanton zero modes at
short distances, and being constant due to supersymmetric Ward-Takahashi identities, it is
set equal to the product of
〈
Trλ2
〉
by clustering.
The second method [2], the so-called weak coupling istanton calculation, makes use of
a deformation of the original theory by addition of some matter fields. Classically, the
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theory acquires a flat direction, allowing one to compute the instanton effects reliably at
large scalar vacuum expectation value (VEV), where the theory is weakly coupled. After
the calculation one adds the matter mass, which eliminates the flat direction, and the scalar
VEV gets fixed now by the matter mass and Λ. Upon decoupling the matter, by matching
the scales of the theories with and without the matter fields appropriately, one finds
〈
Trλ2
〉
for SYM.
These two methods yields different results (“45 puzzle”), leading to various discussions
[3, 4]. More recently, a third elegant method [5] has been utilized in which one calculates the
gaugino condensate directly in the semiclassical approximation, in the spacetime compact-
ified on R3 × S1. This method gives results in agreement with the weak coupling instanton
calculation [2, 6] for the classical gauge groups SU(r+1), SO(2r+1), USp(2r) and SO(2r).
Still another method makes use of the exact solution of the N = 2 SYM theories [7].
One first computes the gluino condensate in the N = 2 SYM perturbed by the adjoint mass
term, µTrΦ2, and then decouples the adjoint matter fields, going back to pure N = 1 SYM.
It has been applied to the SU(2) case in [6]. In the spirit it is similar to the second method
but, instead of a semiclassical approximation, it exploits the exact quantum sum encoded
in the Seiberg-Witten curves [7, 8].
In this paper, this method will be applied to the softly broken N = 2 SYM with classical
gauge groups SU(r + 1), SO(2r + 1), Sp(2r) and SO(2r). The result we find agrees in all
cases with that found in [2, 5, 6]. The agreement is remarkable as the methods used in [2, 5]
and in this paper involve many different steps, and confirms the correctness of the weak
coupling instanton results. As the relation such as SN ≡ (Trλλ)N = Λ3N (for SU(N))
has recently been understood as an exact operator relation in the chiral rings [9], our result
might not be really surprising, but it is reassuring, and nontrivial, that things work properly.
One common feature among the method used here and those of [2, 5] is that the deter-
mination of the condensates is done in a well-defined vacuum, in contrast to the case of the
standard “strong coupling instanton method”. The main difficulty in that approach is the
presence of a discrete degeneracy of vacua, which led the authors of [3] to interpret the stan-
dard instanton contribution as providing a sum over these vacua, and to apply an algorithm
for “disentangling the vacuum sum”, in order to get
〈
Trλ2
〉
in each vacuum. In view of the
results found in [2, 5, 6] and here such a procedure requires a careful re-examination. The
problem is an important one as it has to do with the issue of dominant vacuum gauge-field
configurations in a confining theory. From this point of view, it is interesting to observe that
in the approach followed here the condensate 〈Trφ2〉 through which the gaugino conden-
sate is computed, gets equal contributions from all instanton numbers, as can be explicitly
verified (for SU(2)) by using Matone’s instanton recursion relations [10].
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The auxiliary elliptic curves for the classical gauge groups are [7, 8]
SU(r + 1) : y2 = 14
∏r+1
a=1 (x− φa)2 − Λ2r+2 ,
SO(2r + 1) : y2 = x
∏r
a=1
(
x− φ2a
)2 − Λ4r−2x2 ,
USp(2r) : y2 =
∏r
a=1
(
x− φ2a
) {
x
∏r
a=1
(
x− φ2a
)− Λ2r+2} ,
SO(2r) : y2 = x
∏r
a=1
(
x− φ2a
)2 − Λ4r−4x3 . (1)
In our notation, at a classical level we have φ = diag (φ1, . . . , φr+1) for SU(r + 1) and
φ =
∑r
a=1 φaH
a for the other groups, whereHa are the generators of the Cartan subalgebra,
with the normalization
TrHaHb = δab . (2)
We proceed as follows: we first (i) determine the vacua of the deformed theory; (ii) find
the relation between the parameter Λ appearing in the Seiberg-Witten curve and the scale
of the theory ΛN=2; (iii) evaluate
〈
Trφ2
〉
in each N = 1 vacuum by using the results of (i)
and (ii); (iv) calculate
〈
Trλ2
〉
by using the Konishi anomaly [11]; then finally (v) determine
the gluino condensate in the pure N = 1 limit (µ→∞) by matching the dynamical scales
ΛN=2 to ΛN=1.
As for the first point the vacua of the deformed theory are those where the monopoles of
the maximal abelian effective gauge group U(1)r are all massless, i.e. the points where the
curve has the maximal number of double zeros. One must satisfy r indipendent equations
imposing pairwise equality between the zeros. These polynomial equations are generally
difficult to solve. This problem can however be sidestepped as in [12, 8, 13] by making use
of the properties of the Chebyshev polynomials.
In the case of the gauge group SU(r + 1) [12] the factor
∏
a(x− φa) in the curve (1) is
identified with a Chebyshev polynomial of the first kind Tr+1. There are 2(r + 1) possible
such choices, but, because of the Weyl invariance, only one half of them generates different
vacua:
y2 ≡ Λ2r+2 {T 2r+1 (ξ)− 1} , ξ = x2Λ e−2pii k/2(r+1) . (3)
The right hand side (of (A.3)) has two simple zeros and r double zeros. The corresponding
values of φa are
φa = 2Λω
[r+1]
a e
2pii k/2(r+1) , a = 1, . . . , r + 1 , (4)
where ω
[n]
a are the zeros of the Chebyshev polynomial of the first kind and degree n. Note
that
∑
a φa = 0.
3
For SO(2r + 1), after imposing φr = 0 one identifies the term
√
x
∏r−1
a=1(x− φ2a) with a
polynomial T2r−1 in
√
x:
y2 ≡ Λ4r+2
(
x2
Λ4
){
T 22r−1 (ξ)− 1
}
, ξ = 2
1
2r−1
√
x
2Λ
e−2pii k/2(2r−1) . (5)
The curve has r double zeros and one single zero (as a polynomial in x) and
φa = 2
1− 1
2r−1 Λω[2r−1]a e
2pii k/2(2r−1) , a = 1, . . . , r − 1 ,
φr = 0 . (6)
For USp(2r) it is necessary to distinguish two cases. If r is even, one imposes φ2a−1 = φ2a
and then, as for SO(2r+1), identifies
√
x
∏r/2
a=1(x−φ22a) with a polynomial Tr+1 in
√
x (see
the second of Eq. (A.5)):
y2 ≡ Λ4r+2
(
2
2r
2
r+1
) r/2∏
a=1
[
ξ2 − (ω[r+1]a )2
]2 {
T 2r+1 (ξ)− 1
}
,
ξ = 2
1
r+1
√
x
2Λ
e−2pii k/2(r+1) (7)
Also in this case the curve has r double zeros and one simple zero. The values of φa are
φ2a−1 = φ2a = 2
1− 1
r+1Λω[r+1]a e
2pii k/2(r+1) , a = 1, . . . ,
r
2
. (8)
For USp(2r) with odd r, one identifies x0 = φ
2
r with the simple zero and, after the shift
x˜ = x− φ2r/2, one identifies the term(
x˜2 − φ
4
r
4
) r−1∏
a=1
(
x˜− φ2a +
φ2r
2
)2
(9)
with a polynomial of the form (x2 − 1)U2r−1(x) (Eq. (A.3)). In this way the curve becomes
y2 ≡ Λ4r+2
(
(−1)− 1r+121− 2r+1
)
(ξ − 1)U2r−1
2
(ξ)T 2r+1
2
(ξ) ,
ξ = −2 2r+1−1
(
x
Λ2
− φ
2
r
2Λ2
)
e−2pii k/(r+1) (10)
and φa’s are
φ22a−1 = φ
2
2a = 2
1− 2
r+1Λ2
(
1 + ζ
[ r−12 ]
a
)
e2pii k/(r+1) , a = 1, . . . ,
r − 1
2
,
φ2r = 2
2− 2
r+1 Λ2e2pii k/(r+1) , (11)
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where ζ
[n]
a are the zeros of the Chebyshev polynomial of the second kind and degree n. The
polynomial obtained in this way has one simple zero and r double zeros.
For SO(2r), the maximally singular curve can be obtained [8] by imposing φr = 0
and identifying, as for the other groups, the term containig the products (x − φ2a) with an
appropriate Chebyshev polynomial of the first kind:
y2 ≡ Λ4r+2
(
x3
Λ6
){
T 22r−2 (ξ)− 1
}
, ξ = 2
1
2r−2
√
x
2Λ
e−2pii k/2(2r−2) . (12)
The right hand side contains one simple zero, one quadruple zero (at x = 0) and r − 2
double zeros. The value of φa is
φa = 2
1− 1
2r−2 Λω[2r−2]a e
2pii k/2(2r−2) , a = 1, . . . , r − 1 ,
φr = 0 . (13)
As for the second step of our program, the relation between Λ and ΛN=2 has been
determined for the gauge group SU(2) by [6], matching the perturbative coupling with the
exact one, obtained from the curve. For the other gauge groups this relation has been found
by Ito and Sasakura [14] by considering large expectation values of the scalar field, breaking
the gauge symmetry down to SU(2) and matching the behaviour under this breaking of both
Λ and ΛN=2. It reads
SU(r + 1) : Λ2 = 2−1Λ2N=2 ,
SO(2r + 1) : Λ2 = 2
7−2r
2r−1Λ2N=2 ,
USp(2r) : Λ2 = Λ2N=2 ,
SO(2r) : Λ2 = 2
8−2r
2r−2Λ2N=2 . (14)
The third step is the calculation of
〈
Trφ2
〉
. For the group SU(r + 1) we obtain
〈
Trφ2
〉
k
=
r+1∑
i=1
φ2i = 4Λ
2 e2pii k/(r+1)
r+1∑
i=1
(ω[r+1]a )
2 =
= 2 (r + 1)Λ2 e2pii k/(r+1) = (r + 1)Λ2N=2 e
2pii k/(r+1) (15)
(cfr. Eq. (A.7)). Note that
〈
Trφ2
〉
is invariant under Z2 of Z2(r+1) so that one finds
TG = r + 1 distinct N = 1 vacua. Analogously, we find for the other classical groups
SO(2r + 1) :
〈
Trφ2
〉
k
= (2r − 1)2 42r−1−1Λ2N=2 e2pii k/TG ,
USp(2r) :
〈
Trφ2
〉
k
= (r + 1) 21−
2
r+1 Λ2N=2 e
2pii k/TG ,
SO(2r) :
〈
Trφ2
〉
k
= (2r − 2)2 2r−1−1Λ2N=2 e2pii k/TG , (16)
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where we used the formulas Eqs. (A.7), (A.8) for the zeros of Chebyshev polynomials and
k runs from 1 to TG. TG indicates the dual Coxeter number of the gauge group considered:
TG = 2r − 1, r + 1, 2r − 2, for SO(2r + 1), USp(2r) and SO(2r), respectively.
As is well known, the introduction of adjoint mass µTrΦ2|F eliminates all other vacua
leaving these TG vacua. The anomaly relation [11]〈
Trλ2
16pi2
〉
=
µ
TG
〈
Trφ2
〉
, (17)
is valid at all values of µ; by matching the dynamical scales as Λ3N=1 = µΛ
2
N=2 (which is
valid in all cases considered here) upon decoupling the adjoint matter, one finds〈
Trλ2
16pi2
〉
SU(r+1)
= Λ3N=1 ,〈
Trλ2
16pi2
〉
SO(2r+1)
= 2
4
2r−1
−1Λ3N=1 ,〈
Trλ2
16pi2
〉
USp(2r)
= 21−
2
r+1Λ3N=1 ,〈
Trλ2
16pi2
〉
SO(2r)
= 2
2
r−1
−1Λ3N=1 , (18)
up to the phase factor e2pii k/TG that distinguishes the TG vacua, in agreement with [2, 5, 6].
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Appendix A: The Chebyshev polynomials
The Chebyshev polynomials of the first kind are:
Tn(x) ≡ cos [n(arccos x)]
7
=
n
2
[n/2]∑
k=0
(−1)k
n− k
(
n− k
k
)
(2x)n−2k (A.1)
where [x] is the integer part of x; the Chebyshev polynomials of the second kind are:
Un(x) ≡ sin [(n+ 1)(arccos x)]√
1− x2
=
[n/2]∑
k=0
(−1)k
(
n− k
k
)
(2x)n−2k (A.2)
¿From the trigonometric relation cos2 ϑ+ sin2 ϑ = 1:
T 2n(x)− 1 = (x2 − 1)U2n−1(x) (A.3)
The zeros of Tn and Un are respectively:
Tn : ωa = cos
{
pi
n
(
a− 1
2
)}
Un : ζa = cos
{
pi
n+ 1
a
}
a = 1, . . . , n (A.4)
It is useful to notice that Tn and Un are of the form:
Tn(x) =
{
1
2
∏n/2
a=1
(
4x2 − 4ω2a
)
(n even)
1
2(2x)
∏(n−1)/2
a=1
(
4x2 − 4ω2a
)
(n odd)
(A.5)
Un(x) =
{ ∏n/2
a=1
(
4x2 − 4ζ2a
)
(n even)
2x
∏(n−1)/2
a=1
(
4x2 − 4ζ2a
)
(n odd)
(A.6)
For this reason also T2n(
√
x) and U2n(
√
x) are polynomials in x. Finally we have the
following relations for the zeros of Tn:
n∑
a=1
ω2a =
n∑
a=1
cos2
{
pi
n
(
a− 1
2
)}
=
n
2
(A.7)
[n/2]∑
a=1
ω2a =
1
2
n∑
a=1
ω2a =
n
4
(A.8)
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